Abstract The generalized one-dimensional Fokker-Planck equation is analyzed via potential symmetry method and the invariant solutions under potential symmetries are obtained. Among those solutions, some are new and first reported.
Introduction
The construction of the exact solutions, such as the group-invariant solutions, for partial differential equation(s) is one of the most important and essential tasks in nonlinear science. Recent years there have been considerable developments in symmetry methods for differential equation(s) (DEs) as evidenced by the number of research papers devoted to the subject. [1−3] Potential symmetries admitted by a given partial differential equation(s) can be used to construct the invariant solutions that cannot be obtained as invariant solutions of its classical symmetries. In essence, if a given partial differential equation R{x, u} with independent variables x and dependent variables u can be written in a conservative form, maybe one can find its potential symmetries by analyzing the Lie point symmetries of an associated auxiliary system S{x, u, v}, which is obtained by introducing a potential v(x) as additional dependent variable. Any group G S of Lie transformations admitted by the system S{x, u, v} induces a symmetry for R{x, u}. When at least one of the generators of G S depends explicitly on the potential, then the corresponding symmetry of R{x, u} is called potential symmetry, which is neither a point nor a generalized (Lie-Bäklund) symmetry. These potential symmetries of R{x, u} being point symmetries of the system S{x, u, v} can be determined by Lie's algorithm. This fact makes the potential symmetries very useful in looking for the invariant solutions of R{x, u} using a reduction method.
In this paper, we analyze the generalized one-dimensional Fokker-Planck (FP) equation that has been studied in Ref. [3] again via the potential symmetry method. However, the mistake at the very beginning of the paper inevitably leads to the wrong results thereafter. Next, with the assistance of symbolic manipulation, we not only correct the errors but also obtain some new invariant solutions to the generalized FP equation.
Potential Symmetries for Generalized FP Equation
Consider the generalized one-dimensional FokkerPlanck (FP) equation of the form, [4] ∂u/∂t = ∂(pu x + qu)/∂x ,
where x and t are reals, p and q are arbitrary smooth functions of x. Fokker-Planck equation and its generalizations occupy a central position in statistical physics. [3] It is the master equation for the Ornstein-Uhlenbeck process that with a proper rescaling is the only stationary Gaussian Markov process. It has wide-ranging applications in physical, biological, and sociological phenomena.
As is written, equation (1) is already in a conserved form. By Pucci's theorems, [2] it is easy to see that equation (1) indeed admits potential symmetries. Its associated auxiliary system S{x, t, u, v} is given by Supposing that equation(2) admits a one-parameter ( ) Lie group of point transformations,
and it is completely determined by the infinitesimals ξ, τ , η, and φ. Denote the infinitesimal generator corresponding to Eq. (3) as According to the infinitesimal criterion for invariance of a system of PDE's, we have
where X (1) is the first prolongation of the infinitesimal generator (4), which is given explicitly in terms of ξ, τ , and φ (cf., Ref. [5] ). Equations (5) become
(6) Eliminate v x and v t through substitution v x by u, and v t by pu x + qu into Eq. (6), which are polynomial equations in the components of u x , u t and must hold for arbitrary values of these components. Consequently the coefficients of the polynomial equations must vanish separately, which result in a system of linear homogeneous partial differential equations, named determining equations for the infinitesimals ξ, τ , η, φ. For the determining equations, according to the second theorem given in Ref. [2] , we know τ only depends on that t, infinitesimal ξ is independent of u and v, and η and φ are linear in u and v.
[1] Thus, from Eq. (6) we get
f , g, and k are arbitrary smooth functions of x and t. Then, after some algebra calculations we get the system of determining equations as
We mention that for the last equations of Eqs. (8) and (9), the corresponding ones given in Ref. [3] both miss the function p in the last term, which inevitably leads to the wrong results thereafter.
Invariant Solutions for Generalized FP Equation
To construct the invariant solutions of Eq. (1) under potential symmetries, one should obtain the groupinvariant solutions for Eq. (1) under the point symmetries. To reach this aim, one assumes that u = Θ 1 (x, t) and v = Θ 2 (x, t) are group-invariant solutions of Eq. (1). Then according to the invariant surface condition [6] we have
The general solution of Eq. (10) can be found by integrating the characteristic system dx/ξ = dt/τ = dΘ 1 /η = dΘ 2 /φ .
(11) The general solution of Eq. (11) can be written in the form 
Ψ(x, t, z, ζ 1 (z), ζ 2 (z)) = 0 , (15) for some functions U , V , and Ψ. Functions ζ 1 (z) and ζ 2 (z) will be determined later. Equation (15) defines implicitly the similarity variable z as a function of x, t.
To determine ζ 1 (z) and ζ 2 (z), on the one hand, one can solve an ordinary systemŌ, which is obtained by substituting Eqs. (13) and (14) into Eq. (2). On the other hand, substituting Eq. (13) into Eq. (1), we obtain a relation involving z, ζ 1 , ζ 2 , and the derivatives of ζ 1 , ζ 2 up to order k, and one parameter given by x or t. By imposing that the relation is identically zero for any value of the parameter, this will result in an ordinary systemÕ on ζ i (z). FromŌ andÕ we can determine ζ 1 (z), ζ 2 (z) explicitly and then obtain the potential symmetry-invariant solutions of Eq. (1), which are generally not invariant solutions of any point symmetry admitted Eq. (1).
Next, under the various cases of p and q we compute the Lie symmetry group of Eq. (2) and then obtain the special invariant solutions of Eq. (1) . From now on, we denote c i (i = 1, 2, . . .) and α, β as arbitrary constants.
p = a and q = x
In this case, solving Eq. (9), a six-parameter (c 1 ∼ c 6 ) Lie group of transformations admitted by Eq. (1) is given:
The corresponding infinitesimal generators of this group are
and ∞-dimensional symmetry. Among them, only X 1 and X 2 are potential symmetries. For the potential symmetry X 1 and in the case of a = 1, we have the same results as given in Eq. (2); for the case of a = 1, the solution is trivial. For the potential symmetry X 2 , same as before, solving the characteristic equations dx a exp(t) = du
we obtain three integrals c 7 = t, c 8 = u + xv/a exp x 2 /2a ,
Then, the similarity variable is z = t. Let c 8 = ζ 1 (z) and c 9 = ζ 2 (z), we obtain the invariant solutions u and v with the form
which must hold for any value of x, then we get the system O as (2) gives the systemŌ
Thus, we have ζ 1 (z) = 0 and ζ 2 (z) = α exp(−z). It is easy to see that c 10 = 0 and c 11 = α. Then the invariant solution of Eq. (1) is
This solution is new and first reported here, which is smooth and bound. It is easy to see that, for a constant diffusion and a linear drift x, the distribution function u(x, t) pelts down with respect to x and attenuates exponentially with the change of t. 
and ∞-dimensional symmetry. Clearly, only X 5 is a potential symmetry for Eq. (1). For the potential symmetry X 5 , the characteristic equations related to the invariant surface conditions are 2atu
we obtain three integrals
If assuming c 6 = z as the similarity variable, c 7 = ζ 1 (z), and c 8 = ζ 2 (z) as similarity functions in Eq. (30), we obtain the invariant solutions u and v with the form 
It is identical even without the restraint a = 1, whereas it is necessary in Ref. [3] . Because equation (32) must hold for any value of x, we get the systemÕ as
Solving Eq. (33) yields
(34) Substituting Eq. (31) into the auxiliary system (2) yields the systemŌ as
which on solving yields It is, as far as we know, a type of new group-invariant solution to Eq. (1) and first reported here. Obviously, for constant diffusion and drift, the distribution function u(x, t) attenuates slower than the case in section with the change of t. 
The corresponding infinitesimal generators of this group are 
and ∞-dimensional symmetry, among which only X 1 is a potential symmetry. For the potential symmetry X 1 , solving the characteristic equations, we obtain three integrals,
